We consider a model of a fishery in which the dynamic of the unharvested fish population is given by the stochastic logistic growth equation
Introduction
Maximum sustainable yield models have been among the first mathematical models in fisheries economics and by now are well established, see for example Clark 2006 [4] . While models such as the Schaefer model [17] , which takes economic considerations such as profit making into account, are seen as more realistic than maximum sustainable yield models, the latter are still used as a benchmark, in particular when it comes to policy implications. Evidence of this can be found in the articles by Maundner (2002) [13] , Jacobson et. al. (2002) [9] and Roughgarden and Smith (1996) [16] . Sustainability as a concept of course has had a renaissance since some years, as people are rethinking approaches to environment, renewable resources and wildlife conservation. With the exception of Bousquet et. al. [3] , models taking maximal (optimal) sustainable yield as their primary objective have only been considered in a deterministic framework. The analysis in this case is very simple. The underlying deterministic logistic growth dynamic with constant harvesting effort u is given by · x (t) = κx(t) (θ − x(t)) − qux(t).
(
A nonzero fixed point can be easily computed, in fact
and the effort level u that maximizes this fixed point, e.g. yield, is called maximum sustainable yield effort, here
The maximum sustainable yield (MSY) is then given as M SY = qu * x(∞, u * ). Now, as we are all well aware, fish populations do not grow deterministically but are affected by random sources, which can be environmentally caused (climate change, e.g. water temperatures, pollution etc.) and or ecologically (availability of food sources or existence of predators). The latter point has been taken up in Wang and Ewald (2008) [19] . In this article we extend the classical deterministic model by adding a level dependent diffusion term to equation (1) . The dynam-ics is then governed by a stochastic differential equation and fixed points do no longer exist, hence the classical notion of maximum sustainable yield does not make sense in this context. We show however how the general concept of sustainability and maximization can be carried over to this more realistic setup. First, while stochastic differential equations seldom admit fixed points, they often admit so called stable or equilibrium distributions, e.g. the probabilistic distribution that the stochastic system reaches after a very long, e.g. infinite, time. For the case of the fishery that would mean, once this distribution is reached, fish numbers can still fluctuate stochastically, but the underlying distribution does no longer change over time. The equilibrium distribution of a stochastic differential equation of type (1) is nowadays in principal well understood. The non-equilibrium distribution has only very recently been computed by Yang and Ewald (2008) [20] and may play a role in future work. Fisheries may now want to maximize certain functionals that depend on this equilibrium distribution. The fist such functional that comes to mind is the expected value of the equilibrium distribution, leading to the concept of maximum expected sustainable yield, discussed in section 4. We provide a detailed study on the effect of uncertainty on the harvesting behavior of the fishery. In reality, it is well known, that economic agents behave risk averse, and act in a way as to trade-off between expectation and risk. It is natural to assume that fisheries are in general willing to accept a lower expected yield in turn for a lower level of risk. We take this aspect into account in section 5, and as performance measure use a linear combination of expected value and variance of the equilibrium distribution of (1). We also study the problem, of maximizing expected yield under a variance constraint as well as minimizing variance, e.g. risk, under an expected sustainable yield constraint. We call this approach Mean-Variance Analysis of Sustainable Fisheries, since it essentially relates to aspects studied by Markowitz (1957) [12] , which as well known lead to a revolution in Finance and a Nobel price for Markowitz. This article is related to the article by Bousquet et al. [3] who also consider sustainable yields in a stochastic dynamic environment, but consider discrete time, and do not reflect on issues such as risk aversion. While we think that the continuous time setup is more realistic, we emphasize that mathematically it is not more difficult. In fact the available results on equilibrium distributions of continuous time diffusions shorten our mathematical exposition significantly and let it in parts appear to be more elegant, the latter of course being a matter of taste. Models in continuous time with the same or similar underlying diffusion process as in our article have been considered by various authors. However, these authors do not consider sustainability as the primary objective of the fishery. The aspect of sustainability is for example considered in Pindyck (1984) [15] [18] . Also worth to mention in this context is recent work by Hartman (2008) [8] . He however focuses on profit maximization, and sustainable yields and or equilibrium distributions do not play any role in his exposition. Along these various lines, we feel that our article makes new conceptual contributions not only with respect to sustainable yields, but also and in particular with respect to the issue of risk aversion and mean-variance analysis.
The Model
We assume that without interference of the fishery, the total mass of the fish population follows the stochastic logistic growth dynamic
with κ, θ and σ positive constants. This dynamic is basically the classical deterministic logistic growth dynamic, extended by a level dependent diffusion term. The expression dW (·) represents the increment of a Brownian motion, e.g. a continuous time random walk. For a full specification of (1) we need an initial condition x(0) = x 0 and we assume x 0 > 0. Interestingly the precise value of x 0 will not play a role in the following sections. Let us now assume the fishery harvests the fish following a constant effort strategy u. The actual mass rate of fish harvested is then assumed to be qux(t), where q > 0 denotes an efficiency parameter. The dynamic for the fish population is then given by
which can also be written as
It has the same dynamic structure as (4), with the mean reverting parameter θ replaced by θ − qu κ
. Such a stochastic process is called geometric mean reversion. Note that the fishing effort influences the mean reversion parameter, and hence also the long term expectation and variance of this process, which we will discuss in the following. Be warned at this point though, that the long term expectation does not coincide with the mean reversion parameter, Merton [14] noticed this already and called it expectation bias. Geometric mean reversion appears in various economic and biological models. In a stochastic Solow model, the process appears as an interest rate process in the work of Merton. It is also considered as a reasonable model for the project value in irreversible investment theory, see for example Dixit and Pindyck [5] or Ewald and Yang [7] .
Sustainability and Equilibrium distribution
The stochastic differential equation (6) does not have any fixed point other than 0 and the deterministic equilibrium analysis does not apply. Clearly at each point in time, x(t) is random, and convergence and asymptotic behavior then needs to be understood in terms of probabilities and distribution. Under regularity conditions which are outlined in Malliaris and Brock [11] , page 106 ff, the process x(t) indeed converges in distribution to a random variable and one formally writes
The distribution of x(∞) is then called the equilibrium distribution of (6). It is in principle possible to conclude from Merton's work, that under the condition 2κθ > σ 2 + 2qu the equilibrium distribution exists, is independent of the starting value and essentially a Gamma distribution. This requires some relabeling of coefficients and transformations, as Merton's model is set up as a macro economic growth model. Alternatively, a simple derivation of the equilibrium distribution can be found in Ewald and Yang [6] , equation (25). We conclude the following:
Proposition 3.1. Under the assumption 2κθ > σ 2 +2qu the fish population reaches equilibrium distribution. This distribution is given by
If the condition 2κθ > σ 2 + 2qu is not satisfied, there is a positive probability that the population is driven to extinction. We consider harvesting efforts which are likely to cause extinction as non-sustainable. In terms of the harvesting effort we have the following sustainability condition
It is worthwhile to note, that this sustainability condition is the more restrictive, the higher the uncertainty parameter σ is, which of course makes sense. As we also assume that harvesting effort is non-negative, condition (8) becomes vacuous, unless we assume 2κθ > σ 2 , a standard condition which we will assume from now on, which appears over and over again in mean reverting models, see for example Alos and Ewald (2008) [1] . In reality it may of course be possible that the condition 2κθ > σ 2 is not satisfied. Reasons for this may be extremely high uncertainty, caused by factors such as global warming, pollution etc. or low mean reversion speeds, e.g. low values of κ, which can be found in populations which reproduce at a very slow rate, for example whales or shark. If this is the case, there is a positive probability that the population will die out, even if a zero harvesting policy is adopted.
Maximum expected sustainable yield
If the fishing effort u satisfies the sustainability condition (8) we define the corresponding expected sustainable yield (ESY) from this effort as
where we used u as an additional argument in our notation to emphasize that the equilibrium distribution of (6) depends on u. The objective in this section is to determine u in a way, that the expected sustainable yield becomes maximal.
As u is assumed to be sustainable we have 2 (κθ − qu) > σ 2 and conclude from Ewald and Yang (2008) , equation (31), that the first moment of the equilibrium distribution of (6) is given by
The maximum expected sustainable yield (MESY) and the maximizing fishing effort u * can then be derived by computing the maximizer of
The latter is very easy as (11) merely presents a quadratic equation in u. The optimal fishing effort is given by
and the expected maximum sustainable yield is obtained by substitution as
Note that (12) indeed satisfies the sustainability condition (8) . Also note that for σ = 0 this expression coincides with expression (3). This of course is expected, as the case σ = 0 corresponds to the deterministic setup reviewed in section 1. However expression (12) is derived using the equilibrium distribution, and the fact that in the limit case σ = 0 the deterministic expression can be derived implies a certain regularity property of the equilibrium distribution. It is not difficult to see, that MESY is decreasing in σ. Indeed we have
for σ 2 < 2κθ, which is implied by the sustainability condition. Fisheries or fishery agencies whose objective it is to guarantee sustainability need to take this very carefully into account. On the other side, it can be easily shown by differentiating equations (12) and (13) with respect to κ, that u * and MESY are both increasing in κ. As κ in a way represents the speed at which the ecological system reacts, this means that extra care needs to be taken, when the target species has a low κ, for example whales and shark who reproduce very slowly.
Optimal sustainable yield under risk aversion
The pure notion of sustainability of course already incorporates a component of risk aversion. The worst case scenario for a particular fishery is that the fish population dies out, and economic rents from the species harvested extinguish. The fishery may of course move to another species, but from an ecological and bio-conservation point this case should be avoided by all matters. Another point however is that under a sustainable fishing effort, the fishery may be willing to trade-off expected sustainable yield, for more certainty, e.g. less variance of the equilibrium distribution. There are conceptually different approaches how to incorporate risk aversion using the variance as a measure of risk. One is to use the variance as a penalty function. Alternatively one may think of maximizing expected sustainable yield under a variance constraint or minimizing variance of the equilibrium distribution under an expectation constraint. We will pick up on the first point in this section and on the second point in the next section. More sophisticated approaches using utility theory or more general risk measures are also possible, but for now we concentrate on these three elementary ways to model risk aversion. Let us therefore consider the problem
where α ≥ 0 represents the level of risk aversion. To solve the problem we take advantage of the analytic formulas for first and second moments of the equilibrium distribution of geometric mean reversion in Ewald and Yang (2008) [6] . We conclude that
Differentiating the latter equation with respect to u and setting the derivative equal to 0, we obtain as necessary condition for the optimal fishing effort
where
> 0. Equation (16) has two positive roots since
These roots are given by
To find out which positive root is the maximizer, we compute the second derivative of equation (15) with respect to u as
It can be seen that only u − causes the second derivative of equation (15) to be negative, which therefore implies that u − is the maximizer. Applying de l'Hospital's rule, it can be easily seen that in the limit for α → 0 we re-obtain expression (13) from u − . This of course is as it should be, as the case α = 0 is the case where we have no explicit risk aversion. Furthermore it can be shown that u − is decreasing in α and increasing in κ. Indeed,
As (13) is sustainable and with α increasing, the fishing effort being decreasing, we obtain that
is indeed sustainable for all α > 0 and therefore the optimal sustainable fishing effort. Substituting u * into equation (15), we find the optimal expected sustainable yield (OESY). It can be seen that in the range 2κθ > σ 2 ≥ κθ the optimal fishing effort u * is decreasing in σ. Indeed,
and 2ασA + ασ
∂ ∂σ
A ≤ 0 if σ 2 ∈ [κθ, 2κθ). As seen above, the optimal fishing effort is decreasing in the level of risk aversion. While the mathematics behind this result is sound, its intuition is not trivial. It can not a priori be said that more risk aversion, causes lower optimal fishing effort. There are essentially two effects here, a higher fishing effort potentially leads to a lower level of the population, and hence a lower variance, but on the other side yields become higher, and the variance of the yield may in fact increase. These effects are also traded off with similar effect on the expectation. The result here obtained nevertheless clearly says, that more risk aversion causes lower optimal fishing effort. The analysis carried out in this section can be easily extended to take higher moments of the equilibrium distribution into account. As indicated earlier, all moments can be easily computed from Merton (1975) [14] or iteratively from Ewald and Yang (2008) [6] , and these moments can be used to construct more complex risk measures. For example it is possible to study exponential utility and in fact as non-integer moments are also available, the case of constant relative risk aversion. We consider these cases in future work.
Mean-Variance Analyis of Sustainable Yields
In this section we consider an approach, which accounts for risk in a slightly different way, than in the previous section. In Finance this approach is classically known as mean-variance analysis and as so we call it the mean variance analysis of sustainable yields. To the best of our knowledge it has not been applied in sustainable yields fishery models. There are in principle two related problems. These are:
• maximize expected sustainable yield under limited risk (e.g. variance)
• minimize risk (e.g. variance) under guaranteed minimum level of expected sustainable yield.
Let us consider the first problem, e.g.
where L > 0 is a constant representing the maximum acceptable risk. The second constraint is the sustainability condition (8) . The latter system is equivalent to
We apply the Kuhn-Tucker theorem to solve this constraint optimization problem. The Kuhn-Tucker conditions are
where µ 1 and µ 2 are non negative. We have the following four cases to consider:
* is a positive solution for the cubic function defined by constraint 1
, for some L.
Cases 3 and 4 do not provide sustainable yields, but in order to apply the Kuhn Tucker theorem we formally need to allow for these cases. Nevertheless we would have E {qu * x(∞)} = 0 = V ar (qu * x(∞)) which excludes both cases from providing maximizers. Note that in the range of sustainable yields 0 ≤ u < 2κθ−σ 2 2q the variance term V ar(qux(∞)) is bounded and therefore, if L is chosen to be sufficient large, the variance constraint becomes vacuous. In fact this is the case when L ≥ . Then case 1 applies and
is the maximizer. Note that this level of fishing effort coincides with (12) . This is no surprise, as the acceptable level of risk L is higher than what can actually be caused by the fish population under any fishing effort and agents are effectively risk neutral. If however the acceptable level of risk L is lower than
, then the maximizer is defined via case 2, we have to solve
and obtain µ 1 from (18). Then, since
, (18) will lead us to a maximizer which is less than
. Note that the cubic (21) always has a unique positive root if L <
. The reason for this is that the function
is decreasing, continuous and has a sign-change on the interval 0,
. As there are analytic formulas for the solution of cubic equations, (21) can in principle be solved. We omit the explicit expression at this point though, as it is quite lengthy and due to its complexity difficult to analyse. If the maximizer is given via case 1, we have already seen in section 4 that both u * and MESY are increasing in κ. If the maximizer is given via case 2, e.g. lower risk tolerance L, and σ 2 ∈ [κθ, 2κθ), then since σ 2 q 3 2κ 2 and
4κ 2 q 2 are decreasing and increasing, respectively, u * is decreasing. Let us now consider the second, dual approach, where risk, e.g. variance, is minimized when keeping expected sustainable yield above a certain level. More precisely we assume that the fishery tries to solve the following constraint optimization problem:
where L ≥ 0 is the lowest expectation that is agreeable for the fishery. This system is equivalent to
We need to assume that θ −
, as otherwise the first constraint does not allow any sustainable fishing efforts. This condition follows from the boundedness from above of the expected sustainable yields, and if L is above that bound, such expected sustainable yields can simply not be achieved. The Kuhn-Tucker conditions then are
where µ 1 and µ 2 are non negative. There are again four possible cases:
As before, cases 3 and 4 imply E {qu * x(∞)} = V ar (qu * x(∞))=0, not an option, unless L = 0, which however is unrealistic to be agreeable. It can be proved that the objective functional is increasing when u ∈ 0,
, which in case 1 would imply that u * = 0. This however again implies E {qu * x(∞)} = 0 which does not satisfy the constraint, unless L = 0. Therefore, case 2 applies in all non-trivial cases. Clearly
into the objective functional, we obtain
and it can be seen that the minimizer is given by
We therefor obtain that the risk-minimizing sustainable effort with agreeable expected sustainable yield L is given by
Differentiating the minimizer with respect to σ, we have
and observe again, that the higher the uncertainty is, the lower the optimal effort. On the other hand, we can take advantage of constraint (23) to analyse how κ affects the optimal fishing effort. Clearly − q are both increasing in κ. Therefore, a larger κ implies a smaller lower bound, i.e. a smaller
. Since the optimal fishing effort coincides with the lower bound, it can be seen that the optimal fishing effort is decreasing in κ. The intu-ition behind this is that when the fisheries objective is to minimize the variance, and the mean reversion κ goes up, it is easier to achieve an agreeable expected yield, a lower fishing effort is applied which reduces the variance. In our point of view, this last approach is the most conservative, as the objective here is really a minimization of risk, e.g. variance, which can be interpreted as keeping the population stable, under an agreeable minimum expected sustainable yield.
Numerical Illustration
To illustrate the effect of parameter choice, in particular the uncertainty parameter σ, we provide numerical examples for each case considered in sections 4,5, and 6. Let us first assume that θ = 1 and q = 0.6. Figure 1 shows MESY as a function of κ and σ. It can be seen that MESY is increasing in κ and decreasing in σ, as we have concluded in section 4. In figure 2 , we see that OESY for approach 1 has similar properties as MESY. The case where the fishery maximizes expected yield with variance bounded by a given level L sufficiently low as in order to avoid a trivial case, is represented in figure 3 . It can be seen in this case that the optimal fishing effort is decreasing in σ and increasing in κ. Moreover it can be seen, that a larger σ offsets the effect of an increasing mean reversion speed κ, i.e., u * increases in κ significantly more under a lower σ than under a high σ. For the case where the fisheries objective is minimization of the variance under a minimum agreeable expected sustainable yield, it can be seen from figure 4 that the optimal fishing effort is increasing in κ and σ.
Conclusion
We have extended the classical logistic growth based sustainable yield model to accommodate uncertainty in terms of a level dependent uncertainty term. We introduce the notion of sustainable yield in that context, relying on results on the equilibrium distribution of geometric mean reversion, and derive an expression for the maximum expected sustainable yield. Furthermore, we consider the case of risk averse fisheries, which balance expected sustainable yield with risk, measured in terms of the variance of the equilibrium distribution, and study the affect of risk aversion on optimal sustainable yields. Finally we introduce the concept of meanvariance analysis in sustainable fisheries and derive the optimal fishing efforts in this context. 
Appendix: Graphical Illustration

